multiplicative LIM for all but a finite number of a in /, does the full direct product ttaeiSa with the product topology satisfy (*)? (Day, [1, p. 517] .)
The answer to (1) is affirmative for S discrete (Sorenson [19, Theorem 3.3.6]) and the answer to (2) is also affirmative for n = 1 (Granirer and Lau [9, Theorem 2] ). In this paper, we given an answer to (2) and (3) (Theorem 5.6 and Proposition 6.7) for discrete semigroups. But for the general case, all the three problems, to our best knowledge, are still open. Several authors have recently studied topological semigroups S for which the space LUC(S) admits a LIM. Namioka in [17] studies topological semigroups 5 for which LUC(5) has a LIM and Mitchell (2) [16] recently considers a certain fixed point property on topological semigroups S for which LUC(5) has a multiplicative LIM.
2. Some notations. For any set A, we shall denote by \A\, the cardinality of A. If A is a subset of a semigroup S, ae S, then a~1A={s e S; as e S}, and lA e m(S) such that lA(s) =1
if JE A, = 0 if s i A.
(2) The author is grateful to Professor T. Mitchell in providing him with a preprint of his paper [16] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let S and T be topological semigroups, then SxT will denote the product topological semigroup with coordinatewise multiplication and product topology.
Let S be a semigroup, X a translation invariant normed closed subalgebra of m(S) containing constants. Then y e X* is a point measure [finite mean] if <p is the restriction of some point measure [finite mean] on m(S). It is well known that the set of finite means [point measure] on X is w*-dense (i.e. o(X*, X)) in the set of means [multiplicative means] on X.
X is left amenable (LA) if X has a LIM and X is extremely left amenable (ELA) if X has a multiplicative LIM. S is LA [ELA] iff m(S) is LA [ELA] . (See Day [1] , Granirer [4] .) Let S be a topological semigroup, then LUC(S) is a translation invariant normed closed subalgebra of m(S) containing constants. Furthermore, if <p e LUC(S)*,/e LUC(S), then the function h(s)=<p(sf) is in LUC(S) (Namioka [17, p. 68] ). Hence if <p, p.e LUC(S)*, we may define cpQ pe LUC(S)* the Arens product of 99 and p. by (<p O /f)(/) = 9>(A), where h(s) = p(sh) for fie LUC(S) (Day [1, p. 540] ). The Arens product renders the set of means on LUC(S) and A(5) into a semigroup. Furthermore, if w*-lim <pa = <po, fa, 9o e LUC(S)*, then
(1) w*-lim (<pa ö p) = f0ö p for all p. e LUC(S)*, (2) w*-lim (Laqja)=La<p0 for all ae S. For other properties of Arens product, we refer our reader to Day [1] .
3. N-extreme amenability. For any topological semigroup S, LUC(S) is n-extremely left amenable (n-ELA) if there exists a subset HQ of A(S), \H0\=n, which is minimal with respect to the property: LaH0 = H0 for all ae S. Remarks 3.1. (a) It is important to note that if Hy is another finite subset of A(S) which is minimal with respect to the property: LaHx = Hy for all ae S, then \H0\ = \Hy\. In fact if q>0 e H0 is fixed, then by continuity of Arens product in the first variable (Day [1, p. 529] ) Hy Q <pQGH0. Let F0={La</j0; a e S}, where i/i0e Hy O <Po-Then F0G.HX O fo^Ho, and LaF0=F0 for all a e S since the restriction of {La; ae S} to H0 is a finite group. Hence F0 = Hy Q <p0 = H0 by minimality of H0, and \Hy\ ^ \H0\. Interchanging Hy and H0 in the above argument, we obtain \Hy\S\H0\. (b) If H0 = {<px,..., <pn}, it is easy to see that (1/n) 2ï <Pt e Co A(S) is a LIM on
LUC(S). Conversely if LUC(S) has a LIM in Co A(S), then LUC(S) is m-ELA
for some m, since as known, finite subsets of A(S) are linearly independent; hence if /a = 2ï A¡<p¡, 9>i distinct elements in A(S), is a LIM on LUC(S), then LaF=F for all ae S, £={<?>i,..., <pn}. Then £0 = {Laç)1; a e S}^F is minimal with respect to the property £a£0 = £0 for all a e S since the restriction of {La ; a e S} to £ is a finite group. (c) It has been shown by Granirer and Lau in [9, Theorem 3] that if G is a locally compact topological group, S a subsemigroup of G, LUC(S) has a LIM in Co A(5) iff S is a finite subgroup of G. Consequently the only subsemigroups S of G for which LUC(S) is n-ELA are the finite subgroups of G of order n.
A semigroup S is n-extremely left amenable (n-ELA) if S is a discrete semigroup, LUC(S) = m(S) is n-ELA. For n = 1, this coincides with the class of ELA semigroups which has been studied by Mitchell [14] , and Granirer [4] , [5] and [6] .
Some examples of n-ELA semigroups are: (1) Any finite group of order n is n-ELA. (2) Any left amenable finite semigroup is n-ELA for some n. (3) If 5 is any ELA semigroup, and G a group of order n, then Sx G is n-ELA (Proposition 6.4).
(4) Let (F, o) be a semigroup, and (G, *) a group of order n such that G C^T = 0. Let S=G u Fand define on 5 the following binary operations tx-t2 = tx°t2 if tx,t2eT, gi-g2= gi*g2 if gx,g2eG, tg=gt = g for all t e T and g e G.
Then S is n-ELA.
Remark. Consider the special case of (4) when F has just one element, and G is a group of order n>2. Then 5 is an n-ELA semigroup which is not isomorphic to a product semigroup S0 x G0, where S0 is an ELA semigroup and G0 is a group of order n, for otherwise n +1 = \S\ = \S0xG0\=kn for some k, which is impossible when n>2.
It is clear that if S is an n-ELA semigroup, then for any topology defined on S which is compatible with the structure, LUC(S) is w-ELA for some m^n (and m divides n, Proposition 6.1). The following example shows that for any n, there exists a huge class of topological semigroup S, such that LUC(S) is n-ELA, but S is not even left amenable as a discrete semigroup.
Main Example. E. Hewitt has constructed a hausdorff regular topological space S0 such that the only continuous real functions on S0 are the constant functions [11] . Define on S0 the binary operation ab = a for a, b e S. As shown by Granirer [8, p. 108] , S0 is a topological semigroup. Furthermore, LUC(S0) = C(S0) is ELA (Mitchell [15, p. 123] ). Let F0 be any n-ELA (discrete) semigroup and T0 = S0xT0. Then LUC(F0) is n-ELA (Proposition 6.4) even though f0 is not even left amenable as a discrete semigroup, since if a,bef0, a = (sx,tx), b = (s2, t2) such that Sx¥=s2, then c7F0 n bf0= 0.
4. Structure theorems. In this section we shall prove our main results which give the basic structure of a topological semigroup S for which LUC(5) is n-ELA.
An equivalence relation F on a semigroup 5 is two-sided stable if aEb implies caEcb and acEbc for all c e S (Ljapin [12, p. 39] ).
Let S be a topological semigroup and FfsA(S) such that LaH=H for all aeS. Define on S the two-sided stable equivalence relation F: aEb iff Lacp = Lb<p for all «p e H (Sorenson [19, Chapter 2] ) and denote by S/H the factor semigroup defined by this equivalence relation. and for each i=l,..., m, there exists <p¡ e H0 such that cpi(la-iT) = 1. Consequently m = n. Let sa->s0, sa, s0 e S. If s0 e akxT, then there exists a0 such that sa e ak1T for all a^oi0. Hence for all o¡^a0,«;-1r=í0-1F and |¡4F-5¿F|| =0i.e. lreLUC(S). Let <p0 e H0 be fixed, then 1 = <p0( 1 s) = 2ï «PoOo--1!-) which implies <poGaf1r)>0 f°r some k. Since <p0 is multiplicative, <p0(la-iT)=l. Hence for each i=l,... (a) S is discrete. (b) Jr={ai£; /= 1,..., n} for some finite subset o = {ay,..., an}=S (this would be the case, for example, if S had no proper right ideal).
Condition (a) is trivial. To show (b), we first note that {a1;..., an} is necessarily a coset representative of S/H. Let fie LUC(S), if we can show that -nfe LUC^), where (tt/)(j)=/(s) if se Tand 0 otherwise, thenf=P(nf), and PLUC(S)=LUC(r).
Let {sa} be a net in 5, sa -*■ s0, s0 e S. Choose ake o such that s0ak e T. Then saak ~> soak-Since T is open, there exists a0 such that saak e T for all a ^ a0. Hence
Consequently, nfe LUC(S).
Lemma 4.3. PLUC(S) has a multiplicative LIM.
Proof. By Remark 4.2, there exists <p0 e A(S) such that Ltf0 = <p0 for all t e T and 9>o(lr) = 1. For fie LUC(S), define po(Pf)=<po(lTf)-Then p.0 is a multiplicative mean on PLUC(S), and if teT, then p.o(t(Pf))=H-o(P(tf)) = <Po(ÍT(tf)) = <Po(t(lTf)) = <Po(iTf) = ßo(Pf) since t~1T=T.
Notation. For any topological semigroup S, if LUCOS1) is n-ELA, then PLUC(S)ÇLUQT) will denote the algebra of functions as defined in Remark 4.2. Lemma 4.7. For any topological semigroup S, ifLUC(S) has a LIM of the form (l/n) 2ï <Pi> where <pt e A(S) (not necessarily distinct), then LUC(S) is m-ELA for some m^n, m divides n.
Proof. LUC(S) is m-ELA for some m (Remark 3.1). If H is a finite subset of &(S) such that LaH=H for all a e S, then S/H is a group of order m (Theorem 4.1). Let 77 be the natural homomorphism from S onto S/H, then ir(sa) -> ir(s0) whenever sa -*■ s0, sa, s0 e S. Hence f° it e LUC(S) for fe m(S/H). Define 4i(f) = <Pi(f° t) for all/e m(S/H). Then (1/n) 2" 0¡ is a LIM on S/H0. By uniqueness of LIM on a finite group, we have m^n, and m divides n.
Let S be a topological semigroup for any finite subset a0çS, denote by /(*<,) = ideal in LUC(S) generated by { £ U(f-,f);fe LUC(S), ses\-
Theorem 4.8. For any topological semigroup S, if LUC(S) is n-ELA, then for some o0^S, \a0\=n, /(<t0) is not uniformly dense in LUC(S). Conversely, if there exists ct0<=S, |a0| =n such that J(o0) is not uniformly dense inLUC(S), then LUC(S)
is m-ELA for some mSn, m divides n. 5. A'-extremely amenable semigroups. In this section we begin our investigation for the class of n-ELA semigroups and obtain results which generalise those of Mitchell [14] and Granirer [4] , [5] for the class of ELA semigroups.
Let S be a semigroup with finite intersection property for right ideals (f.i.p.r.i.). Denote by S/(r) the factor semigroup defined by the two-sided stable equivalence relation (*•): for any a, b e S, a(r)b iff ac = bc for some ce S. As known, S/(r) is right cancellative (see for example [3, p. 372] ).
Remark 5.1. Let S be a semigroup with f.i.p.r.i., such that S/(r) is a group, and S0 = {seS, homomorphic image of s in S/(r) is the identity}. Then, as readily checked, for any a, b e S, a(r)b iff at = bt for some t e S0. Consequently S0 is an ELA subsemigroup of S (Mitchell [14, Corollary 3) . Furthermore, if S/(r) is finite and a1; a2 are coset representatives of S/(r), then oxt = o2t for some t e S0.
The following result, which follows from the proof of Theorem 3.3.6 in Sorenson [19] , shows an important relation between an n-ELA semigroup S and the factor semigroup Sj(r). For the sake of completeness, we give a proof.
Theorem 5.2 (Sorenson) . For any semigroup S, S is n-ELA iff S has f.i.p.r.i. and S/(r) is a group of order n.
Proof. If 5 is n-ELA, let H he a finite subset of ßS such that LaH=H for all a e S. We shall show that for any a, b e S, Lacp = Lbcp for all <p e H iff a(r)b; consequently S/(r) is a group of order n by Theorem 4. We now generalise a well-known result of Granirer [4, Theorem 1]: A semigroup S is ELA iff any two elements has a common right zero.
Theorem 5.3. For any semigroup S and fixed n: (a) If S is n-ELA and F0 is a coset representative of S/(r), then for each finite subset a of S, there exists t" e S, depending on o, such that aF0t" = F0t" for all ae a. (b) If for any finite subset a of S, there exists F^S, \F"\ =n, such that aF" = Fa for all ae S, then S is m-ELA for some m^n, m dividing n.
Proof, (a) For each aea, let ta e S0 such that aF0ta = F0ta, where S0 = {seS; homomorphic image of s in S/(r) is the identity} is an ELA subsemigroup of S (Remark 5.1) . If taeS0 such that tja = ta for all aea [14, Theorem 1] then aF0ta = F0ta for all aea.
(b) Let ÍF = {a : a finite subset of S} be directed by upward inclusion. If for each aeSF, F" = {aax-■ ■ aQ, let c?¡ be a cluster point of pa°. Then, as readily checked, (1/«) 2" «Pi is a LIM on m(S). The result now follows from Lemma 4.7.
Remark 5.4. In order for a semigroup S to be m-ELA for some m-¿n, n fixed, it is sufficient that for each finite subset a^S, there exists Fa^S, |F"|^n and aF"=F0 for all aecr: Clearly S has f.i.p.r.i. If a is a finite subset of S, |cr|>n, then as0^Fa for s0eFa. Hence as0 = bs0 for some a, be a. Consequently S/(r) has at most n elements.
For the class of n-ELA semigroups, Day's strong amenability theorem [1, Theorem 1] assumes a much nicer form:
Theorem 5.5. For any semigroup S and fixed n:
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Granirer [7] , S/(r) is necessarily a group. Remark. Let S be a topological semigroup such that LUC(S) is n-ELA, and H a finite subset of A(S) such that LaH=H for all a 6 S; it is easy to see that (using Remark 4.5) for each F0 coset representative of S/H, and fie LUC(S), the pointwise closure of {(1/n) ~ZaeFo rat(f); t e S} has a constant function. In fact, using Lemma 3 of Granirer and Lau [9] , even the tc closure of {(1/n) 2aeF0 rat(f)', t e S} has a constant function (tc is the topology of uniform convergence on compacta). Conversely, if for each fe LUC(S), the pointwise closure of {(1/n) 2ï raIf); ax e S} has a constant function, then, as known, LUC(S) has a LIM [9, Theorem 2] . But is S m-ELA for some m^nl For n=l, the answer is affirmative as proved by Granirer and Lau in [9] . However for n > 1, the problem still remains open even when S is discrete.
The next series of results is concerned with the n-extreme amenability of certain subsemigroups of n-ELA semigroups. Our proofs are algebraic using heavily characterizations obtained in Theorem 5.2 and Theorem 5.4.
Mitchell shows that [13, Theorem 9] if F is a left thick subsemigroup of a semigroup S (i.e. for each finite subset a of S, osa<^ T for some sa e S}, then F is LA iff 5 is LA. The following is an analogue of this result: Proposition 5.7. If T is a left thick subsemigroup of a semigroup S, then T is n-ELA iff S is n-ELA.
Proof. If T is n-ELA, F0 a coset representative of T/(r) and a a finite subset of S, let t0 e T such that a^çF [13, p. 256] and t"eT such that bF0ta = F0to for all b e at0 (Theorem 5.4). Consequently if Fr7 = t0F0tc, then aF" = Fa for all a e a and |F"|=n. By Theorem 5.4, S is m-ELA for some m-in. Furthermore \F0s\=n for all s e S, since as = bs, a, b e F0 and s e S, then asc = bsc for some c e S such that se e T, which is impossible. Hence m = n (Theorem 5.2). Conversely, if S is n-ELA and F0 is a coset representative of S/(r), we may assume F0^T (for otherwise replace F0 by F0s0, where s0e S such that F0i0^ F). If sa, pb e S such that aF0sa = F0s" and ta = sapa e T, then aF0ta = F0ta for all a e a (Theorem 5.4). Hence S is m-ELA for some m^n (Theorem 5.4). Since \F0t\ =n for all t eT, m = n (Theorem
5.2).
With an observation that every left ideal of a semigroup and every right ideal of a left amenable semigroup is left thick, we obtain the following generalisation of Proposition 7 of Granirer [4] and a remark on p. 113 of [5] : e LUC(Sa) and s(Paf)=Pa(sf) for s e Su. For a e I, let pa = (l/n) 2ï <p? be a LIM on LUC(Sa), cpf e A(Sa) (<pf is not necessarily distinct). Define ßa = (l/n) 2ï <pf where fxi(f) = cpï(Paf),fe LUC(S). By compactness of A(S) and taking subnets if necessary, we may assume >v* -lima cpf = </i¡ for some </>t e A(S) and each /= 1,..., n. Then (1/n) 2" <Ai is a LIM on LUC(S) since if s e Sao, Lsßa = pa for all a^a0. Now apply Lemma 4.7.
For any semigroups S and F, <p e m(S)* and p e m(T)*, define cpxpe m(Sx T)* by (cpxp)(f) = p(h) where h(t) = cp(7rtf), fem(S), (irtf)(s)=f(s, t) for all seS, (el It is easy to see that if <p and p are means on m(S) and m(F) respectively, then cpxp is a mean on m(SxT). Furthermore, if cpeßS, and peßT, then cpxpe ß(SxT). where ili=Lacpie ßS for some fixed a e 5, and y = (l/m) 2i"7/> where yf(f) = VÂfb) f°r all/em (F) and some fixed ¿be/, we shall show that p = >ftxy when restricted to LUCÍS x T) is a LIM. Let (s0, t0) eSxTJe LUCÍS x T) be arbitrary but fixed. Define k(t) = <jj(Trt(f)) = <p(a7Tt(f)). Then kb e LUC(F) and for each t e T, ■v/e LUC(S) (Lemma 6.3). Hence fe((So.ío)/)) = <p(Soa7r(oí(/)) = cp(a7rto((F)) = íoA: (í) and p((So,t0)f) = fi(t0kb) = rj(kb)=p(f) since <p coincide with cp on LUC(S) and 17 coincide with r» on LUC(F). Now since p = (l/km) 2f;v™ 1 Äxy;. and <A¡xy; are multiplicative, LUC(Sx F) is n-ELA for some nSkm (Lemma 4.7).
Let #0={?>i,.
•-,9fc}»F0={r?1, ...,-r/m}and^0={</>jxyJ; i=l,..., k,j=l,.. .,m], where ^¡xy, is the restriction of <Ä,xy; to LUC(SxF). We shall show that the factor semigroup (S x T)/K0 is isomorphic to S/H0 x T/F0 and hence n = km by Theorem 4.1.
